HALF-LINE NON-SELF- ADJOINT SCHRODINGER OPERATORS WITH 
POLYNOMIAL POTENTIALS: ASYMPTOTICS OF EIGENVALUES 



KWANG C. SHIN 

Abstract. For integers m > 3, we study the non-self-adjoint eigenvalue problems — u"(x) + 
(x m + P{x))u(x) — Eu{x), < x < +00, with the boundary conditions u(+oo) = and 
cm(0) + (3u'{0) = for some a, (3 G C with |a| + \/3\ ^ 0, where P(x) = axx^ 1 + a 2 x m ~ 2 + 
■ • • + a m -\x is a polynomial. We provide asymptotic expansions of the eigenvalue counting 
function and the eigenvalues E n . Then we apply these to the inverse spectral problem, 
reconstructing some coefficients of polynomial potentials from asymptotic expansions of the 
eigenvalues. 



Preprint. 
1. Introduction 

In this paper, we study non-self-adjoint Schrodinger operators in L 2 ([0, +00)), with monic 
polynomial potentials of degree m > 3 and provide explicit asymptotic expansions of the 
eigenvalue counting functions and the eigenvalues E n . Conversely, we reconstruct some 
coefficients of polynomial potentials from asymptotic expansions of the eigenvalues. 

For an integer m > 3 and (a, (3) G C 2 \ {(0, 0)}, we consider the non-self-adjoint eigenvalue 
problems 

d 2 



1.1) (Hfu 



+ x m + P(x) 



u(x) = Eu(x), < x < +00, 



dx 2 

for some BgC, with the boundary condition 

(1.2) cra(0) + /W(0) = and u(+oo) = 0, 

where P is a polynomial of degree at most m — 1 of the form 

P(x) = aix" 1 " 1 + a 2 x m ~ 2 H h a m _ix, aj G C for 1 < j < m — 1. 

If a nonconstant function u satisfies (jl.l|) with some E G C and the boundary condition 
(II. 2|) . then we call E an eigenvalue of Hp 13 and m an eigenfunction of Hp 13 associated with the 
eigenvalue E. Also, the geometric multiplicity of an eigenvalue E is the number of linearly 
independent eigenfunctions associated with the eigenvalue E. 

We number the eigenvalues {E n } n > no in the order of nondecreasing magnitudes, counting 
their "algebraic multiplicities" , where the integer n could depend on the potential and the 
boundary condition. In Theorem 11.21 we show that for every large n G N, there exists E n 
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satisfying (jl.3|) below. However, we do not know the number of eigenvalues "near" zero, and 
this is why we need the number no- 

Throughout this paper, we use E n to denote the eigenvalues E n = E n (m, P, a, 0) of Hp' ^, 
without explicitly indicating their dependence on the potential and the boundary condition. 
Also, we let 

a := (ai, a 2 , . . . , a m _i) G C" 1 ^ 1 

be the coefficient vector of P. 

Before we state our main theorems, we first introduce some known facts by Sibuya [H] 
about the eigenvalues E n of Hp^. 

Theorem 1.1. The eigenvalues E n of Hp' 13 have the following properties. 

(I) The set of all eigenvalues is a discrete set in C. 
(II) The geometric multiplicity of every eigenvalue is one. 
(Ill) Infinitely many eigenvalues, accumulating at infinity, exist. 

This paper contains results on direct and inverse spectral problems. Theorem 11.21 below 
is the main result, regarding asymptotic expansions of "eigenvalue counting functions" . The 
other results stated below in the Introduction are deduced from Theorem 11.21 

Direct spectral problem. Here, we first introduce the following theorem, regarding as- 
ymptotic expansions of a kind of eigenvalue counting functions, where we use multi-index 
notations with 

£ = 6, • • • , U-i) e (N U {O})^ 1 , and V = (1, 2, . . . , m - 1). 

Also, we use |f | = £i + £H h £ m -i, f! = • • '€m-i ] - and a 5 = afaf ■ ■ -a^ 1 . Also, 

[x\ is the largest integer that is less than or equal to x G R. 

Theorem 1.2. For a G C 771 " 1 , t/ie eigenvalues E n of Hp 13 satisfy 

(1.3) - J2 dj(a)Er m +o(l)={ 

71 j=o { n + i if/3^0, 

as n — > +oo, where the error term is uniform on any compact set of a G C"^ 1 and 

cos (^)^(a) tf0<j<^, 



1.4) a» 



where 



v (a) ■ r j ■ m+2 

«/m «s even ana ? = —3—, 



(1.5) if m , Q (a) = tf m0 ,o = „ ^ , K m ,j(a) = Y] b jjk (a)K mdik , l<j< . 

2 cos — 2 

\m/ fc=l 



Here B(-,-) is the beta function and 

t mk-j m • \ m+1 



;i.6) 



m,j,k 




. r - t^-i alt, ifl<k<j<^ork = j = 0, 



m+2 

( t m + 1 )«-f '+1 / •' "' " ' """ ' — " — 2 ' 



dt, if m is even and 1 < k < j 



fh\ k\ e , m + 2 

;i-7) 6i,*(o) = (jj E >7 a ' 1 < * < J < 



— +1 

£] fc 2 =1 &™ + i )fe (a) i/m zs even, 



i/ a 



i/m is odd. 



One can compute K m j jk directly (or see [I]): 



_2_ 

m 



if j = fc = l, 

k |(ln2 - i - | ^5 - if m is even, 1 < k < j 



m+2 
2 ' 



We obtain (jl.3j) by investigating the asymptotic expansions of an entire function (the 
Stokes multiplier) whose zeros are the eigenvalues. In this paper, the "algebraic multiplicity" 
of an eigenvalue is the multiplicity of the zero of the Stokes multiplier. 

Next, we let N(t), t G R, be the eigenvalue counting function, that is, N(t) is the number 
of eigenvalues E of Hp^ such that \E\ < t. Then the following theorem on an asymptotic 
expansion of the eigenvalue counting function is a consequence of Theorem 11.21 

Theorem 1.3. Let a G C" 1 " 1 be fixed. Suppose that Im (K mJ (a)) = for 1 < j < *2±2. 
JTien iV(£) /ias t/ie asymptotic expansion 

|^ m + l j 

(1.8) iV(t) = - ^ cos ^'~ 1 ) 7r J K mj ( a )^-^ + 0(1), as t -> +00, 

^ i=0 \ m J 

where the error 0(1) is uniform for any compact set of a G C m_1 . 

Proof. In Corollary 11.51 we show that |-E n | < l-^n+il for all large n G N. 
Suppose that |i? n | < t < |£? n +i|- Then since for s G R, 

we see from Theorem 11.41 below that |-E n +i| — \E n \ = O (n m + 2 ^. Thus, 



1 j-l ! 

Hence, replacing E£ m in (fl.Hj) by £a sr + O (1) and solving the resulting equation for n 
complete the proof. □ 

Next, from (jl.3j) we get F n in terms of n. 

Theorem 1.4. For each a G C m_1 ; tnere exist some constants ej(a) G C, 2 < j < I2 2 1 ^; 
sttc/i taat 

Ei— J- / l 1 i m+2 1 \ 
ei (a)F ni0 m + o [E niQ m 2 J , flsn^ +oo, 

where the error term is uniform for any compact set of a G C m_1 and where 

2 f 2m 

B / 2Vir(| + ^) ^ <f/J = o, 

"'° = I r f 1+ n / 1 

and e_j(a), < j < ^^rp, are defined recurrently by eo(a) = 1 and 

( i N 

«r + E ('t-jp^+E^ E ( 2 k ')^ 

I5l=fc>2 V 7 r=l uw |£|=fc V 7 

\ £-»7=j £,-V=j-r ) 



2m 



m + 2 



where e(a) = (ei(a), e 2 (a), . . . , e m _i(a)). 

We note, for the first summation in the definition of e-, (a) above, that C, ■ n = j implies 
£i = whenever £> j. Also, for the second summation, we point out that £ - n = j — r < j — 1 
implies ^£ = whenever £ > j. 

When P is real (i.e., a G R m_1 ) and x m + P(x) is increasing and convex downwards on 
[0, +oo), Titchmarsh [UJ Chap. 7] showed that 

(1.10) iV(t) = - / - ^ m - ^55 dar+0(l), 

where x = x (t) > such that t — + P(xo), provided that a = or /3/a real. Then 
from (jl.lUj) one could get (jl.8|) and hence (jl.3j) . 

Voros [7] (cf. jBj) studied ()1.1|) with arbitrary real polynomials P under Dirichlet (J3 = 
0) and Neumann (a = 0) boundary conditions at x — 0, and computed d (a) and di(a) 
explicitly. 

Fedoryuk pi §3.3] considered (jl.lj) with complex polynomial potentials and showed the 
existence of asymptotic expansions of the eigenvalues to all orders. Also, he computed E Ut o 
explicitly. However, to the best of my knowledge Theorem 11.21 in this generality does not 
appear in the literature to the date. 

Regarding monotonicity of modulus of E n for all large neN. 

Corollary 1.5. For each a G C m_1 there exists M > such that \E n \ < \E n +x\ if n> M . 



Proof. This is a consequence of Theorem 11.41 Or one can see that proof of Theorem 3 in |3] 
can be easily adapted for this case. □ 

Inverse spectral problem. Here, we introduce results on inverse spectral problems, but 
first the following corollary is an easy consequence of Theorems 11.21 and 11.41 regarding how 
the coefficients of the asymptotic expansions depend on a G C m_1 . 

Corollary 1.6. Let 1 < j < be a fixed integer. Then 

(i) dj(a) and ej(a) are polynomials in a±, 02, ... , %■ In particular, dj(a) and ej(a) 
are nonconstant linear functions ofaj. 

(ii) dj(a) and e,(a) do not depend on Oj+i, Q>j+2, • • • , a m -i- 



Proof. Statements on dj(a) are direct consequences of the definition of dj(a) in Theorem II .21 
One can use statements on dj(a) and induction on j to prove statements on Cj{a). □ 

Next, one can reconstruct some coefficients of the polynomial potential from the asymp- 
totic expansion of the eigenvalues. 



Theorem 1.7. Let 1 < j < be a fixed integer. Then the asymptotic expansions of the 

(X 3 / 2m — 2j\ 

eigenvalues E n of H p of type (jl.9)) with an error term o ( n ™+ 2 j uniquely and explicitly 
determine for all 1 < k < j . 

Proof. From the asymptotic expansion of the eigenvalues, one gets efc(a) as an explicit poly- 
nomial in a\, 0,2, ■ ■ ■ , dk for every 1 < k < j. Then since e^a) is a nonconstant linear function 
of afc and since efc(a) does not depend on a^, £ > k, all aj, a 2 , . . . , aj can be found uniquely 
and explicitly. □ 

When m is even, j = is allowed in Corollary 11.61 while it is not allowed in Theorem 
11.71 This is due to the fact that our method in this paper does not determine the number 
n in {E n } n > no . 

2. Properties of the solutions 

In this section, we introduce work of Hille j2] and Sibuya about properties of the 
solutions of (11.1)1 . 
We first set 

A = -E 

and extend (jl. 1)1 to the complex plane so that if u is a solution of (jl.lj) then 
(2.1) -u"{z) + [z m + P(z) + \}u{z) = 0, zeC. 

It is known that solutions of ()2.1j) have rather simple asymptotic behavior near infinity in 
the complex plane §7.4]. We will describe this simple asymptotic behavior of the solutions 
near infinity by using the following definition. 
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/ 
\ 

S.i 



Figure 1. The Stokes sectors for m — 3. The dashed rays represent axgz = ±|, 7r. 



Definition. The Stokes sectors Sk of the equation (J2.1)) are 



S, 



zeC: 



2k 



7T 



arg(zj 



< 



7T 



m 



for fc G Z. 



m + 2 
See Figured] 

Hille §7.4] showed that every nonconstant solution of (J2.1)) either decays to zero or 
blows up exponentially, in each Stokes sector Sk- 

Lemma 2.1 (0 §7.4]). 

(i) For each fceZ, every solution u of (|2.1j) is asymptotic to 



(2.2) 



(const.) z 4 exp 



± / \z m + P{z) + A] 3 



as z ^ oo in every closed subsector of Sk- 
(ii) 7/ a nonconstant solution u of (12. lj) decays in Sk, it must blow up in SV-i U Sjfc+i. 
However, when u blows up in Sk, u need not be decaying in Sk-i or in Sk+i- 

Lemma 12. II (i) implies that if u decays along one ray in Sk, then it decays along all rays 
in Sk- Also, if u blows up along one ray in Sk, then it blows up along all rays in Sk- 
We will use 

2ni 



u = exp 



m + 2 



and we define 



m + 2 



b j( a ) = ^2 b j,k( a )> 1 <3< 
k=l 

— !j if m is odd, and r m = — ^ — bm + i(a) if m is even. 
Now we are ready to introduce some results of Sibuya [S] that is the main ingredient of 
the proof of Theorem 11.21 



We further define r r , 



Theorem 2.2. Equation ([2.1)1 . toi#i a G C m 1 ; admits a solution f(z, a, A) with the following 
properties. 

(i) f(z,a,X) is an entire function ofz,a and X. 

(ii) f(z,a,X) and f'(z,a,X) = Jj/(z, a, A) admit the following asymptotic expansions. 



Let e > 0. Then 

f(z,a,X) 
f'(z,a, A) 



z r ™{\ + 0{z- 1/2 )) exp a, A)] 



¥(l + 0(^ 1 / 2 ))exp[-F(z,a, A)] 



as ^ tends to infinity in the sector \ axgz\ < — e, uniformly on each compact set 
of (a, A) -values . Here 



F(z, a, A) 



-z 2 



+i 



+ £ 



m + 2 ^ m + 2- 2? 

i<?'<f+i 



(iii) For eac/i fixed a G C m 1 and 5 > 0, f and f also admit the asymptotic expansions, 

(2.3) /(0, a, A) =[1 + o(l)]A- 1 / 4 exp [L(a, A)] , 

(2.4) f (0, a, A) = - [1 + o(l)]A 1/4 exp [L(a, A)] , 

as X — > oo in the sector | arg(A)| < tt — 5, uniformly on each compact set of a G C m_1 , 
where 

J +o ° ( + P{t) +X-tf - J2j=i bj(a)tf-n dt ifm is odd, 
1(0 ' A> ^ J +o ° (y/ t ™ + P(t) + \ -tf- YJ=i bj(a)tf-j - b -2gQ) dt ifm is even. 



(iv) The entire functions X i— > /(0, a, A) and A i— ► /'(0, a, A) Ziawe orders | + — . 

Proof. In Sibuya's book see Theorem 6.1 for a proof of (i) and (ii), and Theorem 19.1 
for a proof of (iii). Moreover, (iv) is a consequence of (iii) along with Theorem 20.1 in 
Note that properties (i), (ii), and (iii) are summarized on pages 112-113 of Sibuya j^j. □ 

Remarks. (I) Uniformity of the error term in Theorem 11.21 is essentially due to uniformity 
of error terms in ()2.3|) and ()2.4|) . 

(II) In this paper we will deal with numbers like [u) u X) s for some sGK, and v G C. As 
usual, we will use 



10 



exp 



27T2 

m + 2 



and if arg(A) is specified, then 

arg ((a/A) s ) = s [arg(u 1 ') + arg(A)] = s 



ReM 



2tt 



+ arg(A) 



m + 2 

If s G" Z then the branch of A s is chosen to be the negative real axis. 



s G 



In the following asymptotic expansion of L(a, •) is proved. 



Lemma 2.3. Let m > 3 and a G C m 1 be fixed. Then 

m + l 1 1-j ( I \ 

X^jJo -^m,j(«)A2 + ~ + O ( |A|~2^ J if m is odd, 
^j=o Km^a)^ 1 ^ T ^ l( } In (A) + f|A|~m^ i/m is even, 

as A — > oo m i/ie sector | arg(A)| < 7r — 5, uniformly on each compact set of a G C m_1 . 



L(a, A) 



Proof. See j3] for a proof. □ 

Sibuya [S] introduced solutions of (j2.1|) that decays in S k , k G Z. Before we introduce 
this, we let 

(2.5) G*(a) := V ^~ 2 V . . . , ur (m ~ 1)£ a m -i) for i G Z. 
Then we have the following lemma, regarding properties of G e (-). 

Lemma 2.4. For a G C" 1 " 1 .faed, and £ U £ 2 J e Z, G £l (G £2 (a)) = G^ 2 (a) ; and 

bj, k (G e (a)) =u- j % ik {a), i G Z. 

Next, recall that the function f(z,a,X) in Theorem 12.21 solves (J2.1)) and decays to zero 
exponentially as z — > oo in 5 , and blows up in S-i U Si. One can check that the function 

f k (z, a, A) := f(u- k z, G k (a),cu 2k X), k G Z, 

which is obtained by scaling f(z,G k (a),u 2k X) in the z-variable, also solves (j2.1|) . It is clear 
that fo{z, a, A) = f(z,a,X), and that fk(z,a,X) decays in and blows up in Sfc_i U S k+ i 
since /(z, G fc (a), u; 2fc A) decays in So- Since no nonconstant solution decays in two consecutive 
Stokes sectors (see Lemma 12.11 (ii)), fo and /_i are linearly independent and hence any 
solution of ()2.1|) can be expressed as a linear combination of these two. Especially, there 
exist some coefficients C(a, A) and C(a, A) such that 

(2.6) fi(z, a, A) = C(a, X)f (z, a, A) + C(a, X)f-i(z, a, A). 
We then see that 

(2.7) C(a, A) = ^d C(a, A) - W ^*> A) 



W-i,o(M) ' W-i, (,a,xy 
where Wj t i = fjf[ — fa fa is the Wronskian of fj and fa. Since both fa, fa are solutions of the 
same linear equation (j2.1j) . we know that the Wronskians are constant functions of z. Also, 
fk and fk+i are linearly independent, and hence W kjk+ i 7^ for all k G Z. 
Moreover, we have the following lemma that is useful later on. 

Lemma 2.5. Suppose k, j G Z. TTien 

(2.8) W k+ ij + i(a, A) = ur^^a),^), 



Ill 



if m is odd, 
— bm + \(a) if m is even. 



and Wo,i(a, A) = 2uo^ a \ where 

//(a) = 

Proof. See Sibuya pages 116-118]. □ 
Thus, by Lemma f2. 51 

C(aX)- Wl > o{aA) - 2 ^ (a) - ^-^) 
where u(a) = ? — /x( a )> that is, 

if m is odd, 
6™+i(a) if m is even. 



(2.9) v{a) 



3. ASYMPTOTICS OF /(0, a, A) AND /'(0, a, A) 

The asymptotics of /(0, a, A) and /'(0, a, A) as A — > oo in the sector | arg(A)| < n — S are 
given by ()2.3|) and (|2.4|) . respectively. In this section, we provide the asymptotics of /(0, a, A) 
and /'(0, a, A) as A — > oo in a sector near the negative real axis. 

In we showed the following asymptotic expansion of H / _i ) i(a, A) as A — > oo in a sector 
near the negative real axis. 

Theorem 3.1. Let m > 3, a E C™" 1 and < 5 < ^ 6e ^ xerf - T/ien 

(3.1) W_i,i(a, A) = [2i + o(l)] exp [L(Gf _1 (a), cT a A) + L(G(a),uj~ m \)] , 
as A —>■ oo a/ong i/ie rays in the sector 

(3.2) vr - + 5 < arg(A) < n + - 5, 

m + 2 m + 2 

where the error term is uniform on any compact set of a G C m_1 . 

Proof. See [HI Theorem 12] for a proof. □ 

We will use this in the next theorem, regarding asymptotics of /(0, a, A) and f'(0,a, A) 
near the negative real axis. 

Theorem 3.2. Let a G C" 1 " 1 6e fixed. Then 

/(0, a, A) = Qar*< a > + o(l)) A"* exp [-L(G~ 1 (a),uj' 2 X)] 

(3.3) + Qw-^W + (1)J A-3 exp [-L(G(a), c^- m A)] , 
/'(O, a, A) = ( -u-^ + 0(1)) A3 exp [-L{Q-\a)^\)\ 



(3.4) - Qw-^W + o(l)J A3 exp [-L(G(a), cj~ m A)] , as A -> oo ^n 
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where the error terms are uniform on any compact set of a E C m ~ 1 and where arg ^A ± ^ 
±|arg(A) in the sector (|3.2j) . 

Proof. From (j2.fi)) and ()2.7j) . and Lemma 12.5) we have 

f(z,a,X) = f (z, a, A) 
1 



C(a,A) 



a, A) - C(a, A)/_i(2;, a, A) 



(3.5) = - [/(^- 1 z,G(a),^ 2 A)+^- 1 - 2 ^/(^,G- 1 (a)^- 2 A)] . 

So we examine asymptotics of f(tu~ 1 z, G(a), cu 2 X) + co^ 1 ^ 2u ^ f(toz,G~ 1 (a),uj^ 2 \) and its 
derivative at z = 0. Using (JZ3D and the fact that /(0, G(a), cj 2 A) = f(0,G(a),uj- m X), we 
have 

/(0, G(a), oo 2 X) + uj~ l - 2u{a) f{^ G~\a),uo' 2 X) 
= f{0, G{a),uj- m X) + w-^MfiO, G' 1 {a),u- 2 X) 
= (l + o(l)) (uT m A)~*exp [L{G{a),uj- m X)] 
+ oo" 1 " 2 ^ (1 + o(l)) (uT 2 A)~* exp [L(G- 1 (a),uj- 2 X)] 

= (a;? + o(l)) A - ' exp [L(G(a), cu" m A)] + L-*- 2 "(«) + o(1 ) j A -| exp [^G' 1 (a) , u~ 2 X)] , 

as A — > oo in the sector (|3.2|) . Then ()3.3|) is obtained from (j3.1|) and (|3.5|) . 

Next, we differentiate ()3.5|) with respect to z and evaluate the resulting equation at z = 
to get 

o-J+MG- 1 ^)) 

(3.6) f(0,a,A) = ... [^/'(O,^)^— A)+a;- 2 ^)f (O^-^a),^) . 

VK_i,i(a, A) 

Using (|2.4j) . we have 

w-7'(0, G(a), w" m A) + w-^W/^O, G-^a), cu- 2 A) 

= (iuO + o(l)) A3 exp [L(G(a), cu~ m A)] - (V^ 2 ^ + o(l)) A^ exp [L{G~\a), u~ 2 X)} , 

as A — > oo in the sector ()3.2|) . Then this along with ()3.1J) and ()3.fi|) yields 13.4)1 . 

Finally, the uniformity of the error terms in ()3.5|) and (|3.6|) is due to the uniformity of the 
error terms in (Q, (J23), and (jSHJ). □ 



4. Proof of Theorem 11.21 
In this section we prove Theorem 11.21 
Proof of Theorem, for Dirichlet boundary condition at x = 0. From (|3.3j) 
2u 3u ^X^ exp [£(£-», uj- 2 X) + o(l)] /(0, a, A) 

= exp [L{G- 1 {a),u- 2 X) - L{G{a),u- m X) + o{l)} + iu 2u{a) , as A -> oo in (Q. 
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Since 



L(G-\a),w- 2 \) - L(G(a),u~ m X) 

= K m (cu- 2 X)^ (1 + o(l)) - K m {uj- m \y + ™ (1 + o(l)) 
= K m ( exp 



2tt." 






— exp [ — 7ri]^ 


m 





K m 1 + exp 



2tt . 

m 



A' + m(l + o(l)), 



and since arg (l + exp [— ^i] ) = — — , we have 



ar 



g {L{G-\a)^- 2 \) - L(G(a),uj' m X)) =~ + arg(A) + o(l). 



Thus, if 7i — ^2 + ^ — ar g(A) < 7T + — ^ anc ^ 1^1 * s l ar g e ; we have 



m+2 



7T 27T 

(4.1) + o(l) < arg (L(G- l (a), u~ 2 \) - L(G(a),uJ~ 

2 m 



^ \ \ \ 7c 2tt , . 
l A <- + — + ol. 
2 m 



So A t— >■ L((j -1 (a), uj~ 2 \) — L(G(a), u~ m X) maps the sector ()3.2|) near infinity onto a region 
containing | arg(A) — 1 1 < £i and |A| > Mo for some positive real numbers £,Mo. Hence, 
there exists a sequence of the numbers A„ in ()3.2j) such that 

27T7 7T 

(4.2) L(G- l (a),u- 2 \ n ) - L(G(a),cu~ m X n ) + o(l) = 2nvrz + 2z/(a) z, 

n->+oo m + 2 2 

for all large n G N so that /(O, a, A ra ) = 0. Next, by (jl.5j) and Lemma 1231 
^G-^a),^^) -L(G(a),uT m A n ) 



Lf+iJ 

£ (i^ m , i (G'- 1 (a))(a;- 2 A 
v{G~\a)) 



0*+^ - K mj (G(a))(uj- m X n )^ 



ni 



\n(uj~ 2 X n ) + \n(oo- m X n ) + o(l) 



m 



Lf+iJ 

E 

3=0 

via) 4-7T . u(a) 2mn 



cAr 2 ^^) - uj-^- m ^ +1 ^ ) K mj (a)A 



1+1=1 

2 T m 



m m + 2 m m + 2 
Lf+iJ 
2i sin 



z + o(l) 



j=0 

So this and (jOJ) yield 

Lf+iJ 
2i sin 



> - 2 + 2j)tt 



2m 



/ \ / \ v i i i-i z/(a) (2m — 4W . 

i^,; (a -An » + - + — - -77-1 + o(l). 

m m + 2 



i=o 



(m - 2 + 2j)tt 



2m 



K mJ (a)(-A n )^ - '———^-7ri + o(l) = 



2n ixi. 

2 



Finally, we use sin(7r/2 + 9) = cos(6 l ) and E n = — X n to complete the proof. 
Next, we prove Theorem 11.21 for the case when f3 ^ in (|1.2jl . 



□ 
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Proof of Theorem M for other boundary conditions. Using ()3.3|) and ([3.4)1 . one gets 
af(0,a, X)+/3f(0,a, A) 

{iuj~^ a) + o(l)) + ^ (zuT^ + o(l)) 1 exp [-L{G~ x {a), uj- 2 \)] 
2\i 2 J 

+ K Ma) + o(l)) - ^ K Ma) + o(l)) | exp [-L(G(a), W -A)] 

(4.3) = ^{ (iw-^) + o(l)) exp [-L(G-\a),uj- 2 X)} 

- (uj- 3 ^ + o(l)) exp [-L(G{a),u' m X)} 

as A — > oo in the sector (|3.2|) . where the error terms are uniform on any compact set of 
a G C m_1 and where arg ^A^J = ±| arg(A) in the sector (|3.2j) . Since (3 ^ 0, 

2 r exp [^(G-^a),^-^) + o(l)] [a/(0, a, A) + (3f'(Q, a, A)] 



u(a) _ -3u(a) 



exp [L(G-\a), c^ 2 A) - L(G(a),uj- m \) + o(l)] 



L{G- l {a),u- 2 \ n ) - L{G{a),uo- m \ n ) +o{l) = ( 2n + i J m + 2v(a) 

n— >+oo \ 2 J 



as A — > oo in the sector ()3.2j) . 

Thus, like in the proof of Theorem 11.21 for /3 = 0, there exists a sequence of A n such that 

1\ . _ , . 27T* 

'771 + 2' 

for all large n e N so that a/(0, a, A n ) + Pf'(0, a, A n ) = 0. Here we have (2n + ~) iri in the 
place of (2n — ~) 7T2 in (|4.2|) . So one can complete the proof by following the methods in the 
proof for p = case. □ 

5. Proof of Theorem 11.41 

We will prove existence of ej(a) by induction on j. In doing so we will recurrently find 
ej (a). 

From (|1.3|) we have 

(«> E tS« + ^+o(1) = 

We then introduce the decomposition E n = E n $ + i? n> i, where 



2m 



if /? = 0, 
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So we have 

i+i Lf +1J „ N 



2 1 m 



+ 0(1) 



Thus, 



i y K )0 + ^ v y v^n, 



and hence 



1 M,o ^ V k J \E nt0 

L^f + lJ , / OO ,\ 1-1 \ / 771 \ fc N 



i i 



Thus, one concludes fr^ = E n2 + E n3 , where 



2m c?i(a) -i 



(5-3) £ n , 2 = -7;jri E n,o and £„, 3 = o £ n ,o 

Hence, from (|5.2j) and ()5.3|) we have 

1 1 1 \ 00 /l 1 ! 



( 5 ^ ") (K,2 + E n , 3 ) + (' l m ) + ^ 

+ E^ = i:( 5+ t -)^ + ^* + '(^ 



i=i uv ' fe=i 



This provides the induction basis. 
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Next, suppose that |^ = E n ^ 2 + E nA H h E n , 2s + E n>2s+1 , where £ n , 2s +i = o f^yo 1 ) 

an < : E U)2t = e t (a)E n ^, 1 <t < s < for some e t (a) G C. Then from (JOJ) 

^ ( 2 m J (£ n , 2 + • ■ ■ + E n , 2s + E nt2s+1 f 
k=i ^ ' 

+ E |^y<o™ E ( 5 * ) + • • • + £n> + ^, 2s+ i) fc + o (\x 



j=l uv ' fe=l 



Hence, 



E rl m )(^,2 + --- + W 
fc=i ^ ^ 

+ E 4f».°™E( 2 t -) (£ ^ + - +£! 



n,2s J 



i=l v ^ ' fc=l 
— +1 



(5-5) = - J2 ~ ( 5 t m ) E "' 2s+1 + ( V) + (^J ") 



Next, for 1 < jfe > s + 1 



{E n ,2 + • • • + E n2s + E n ^ 2s+ i 

= (ei(a)^o™ + e 2 («)C| + " " • + e s {a)E~f + o (e~* 
= E (jfej ( e i( a ) E «.,o m + e 2 (a)^ n , m + • • • + e s (a)E n ^j o {E nfi m j 
= (ei(a)E~p + e 2 (a)E~f + ■■■ + e s (a)E~f^ + o 

fc! ■ • • HJlH MtJt / s+k — 1 ■ 



. fcl . . . *lJl+"+»tJt / s+k-l \ 

E • 1 . .'. ^ ! e ii( Q )' le ^( Q )' 2 ---^( Q ) H ^n,o m +o(^n,o m j 



ilH Ht=k 



Also, if fc > s + 1 then (£ n>2 + • ■ • + £ n , 2s + £„, 2s+ i) fc = o [E n ^p ) . 

_ j_ 

Then in (I5.5j) comparing coefficients of E n ^ , 1 < j < s, we have 

dAa) /i + -\ k\ , v > £^(L(a) /± + — \ fc! 



C-»?=i £.-v=j-r 
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where n — (T, 2, . . . , m — 1). Moreover, if < i + — (i. e., s + 1 < then there exists 
some constant e s+ i(a) G C such that 

(5-T) £„ )2s+ i = e s+1 (a)E~J™ + o (^.T ) . 

s+1 / s+1 \ 

Now we let # n>2s +2 = e s+1 (a)E nfi m and K,2 S +3 = o [E nfi m J. 

s + 1 / _I_J_\ 

If s + 1 > ^^tP then i? n m could be smaller than the error term o ( E n q m j in (|5.5jl . and 
hence we cannot deduce existence of e s+ i(a) like we do in (|5.7|) . This completes induction 
step and hence proof of Theorem 11.41 
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